We consider quantum quenches from an ideal Bose condensate to the Lieb-Liniger model with arbitrary attractive interaction strength. We focus on the properties of the stationary state reached at late times after the quench. Using recently developed methods based on integrability, we obtain an exact description of the stationary state for a large number of bosons. A distinctive feature of this state is the presence of a hierarchy of multi-particle bound states. We determine the dependence of their densities on interaction strength and obtain an exact expression for the stationary value of the local pair correlation g2. We discuss ramifications of our results for cold atom experiments.
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PACS numbers:
Integrable models have a long and venerable history of providing crucial points of reference that have greatly facilitated our understanding of interacting many-particle quantum systems. While integrable models are by definition special, recent advances in the field of ultra cold atoms have made it possible to realize them to a good approximation experimentally [1] [2] [3] [4] [5] [6] [7] . Moreover, small deviations from integrability normally only lead to small changes in experimentally observable quantities.
One of the most striking features of quantum integrable models is that they typically feature hierarchies of bound states that often involve arbitrary numbers of elementary particles [8, 9] . Such bound states have proved to be difficult to observe in e.g. neutron scattering experiments on quantum spin chain materials, because their signatures in equilibrium dynamics are often small. Recent experimental advances in cold atomic gases have made it possible to observe non-equilibrium dynamics in isolated many-particle quantum systems in exquisite detail [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Integrable systems have again played a key role in these developments. In particular, following the theoretical proposal of Ref. [21] , signatures of propagating two particle bound states following a local quench in an (almost) integrable system were successfully observed experimentally [16] . One of the most exciting aspects of non-equilibrium dynamics in integrable systems is that it allows one to realize new stable states of matter. One remarkable example is the so called super Tonks-Girardeau gas, obtained at late times after quenching a Bose gas from an infinite repulsive interaction to an infinite attractive one [11, 22] . This new state of matter has truly remarkable properties [22] [23] [24] [25] [26] [27] , exhibiting stronger correlations than the repulsive Tonks-Girardeau gas (which has also been probed experimentally [2] ). In this letter we investigate a protocol very similar to the super Tonks-Giradeau case, i.e. a quench from non-interacting to attractive Bose gas. We show that the stationary state reached at late times after the quench is a novel state of matter distinguished by a characteristic distribution of the densities of multi-particle bound states.
We consider a one-dimensional gas of N bosons with attractive point-like interaction, i.e. the Lieb-Liniger model [28] 
Herec > 0 is the interaction strength and m the mass of the particles (atoms). The former is related to the effective 1D scattering length a 1D , which can be tuned experimentally via Feshbach resonances [29] , byc = 2 /ma 1D . We consider a system of length L with periodic boundary conditions, and ultimately are interested in the limit L → ∞ while keeping the density of the gas D = N/L fixed. For later convenience we define the dimensionless coupling constant γ =c/D. In the following, we fix = 2m = 1. Quantum quenches in the Lieb-Liniger model have been widely investigated in the literature [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , but have mainly focused on the repulsive regime. The Lieb-Liniger model is solvable by Bethe ansatz for any value ofc [28] . The eigenstates (called Bethe states) Ψ {λj } are parametrized by sets of N complex momenta {λ j } N j=1 , which satisfy the quantization conditions ("Bethe equations")
Bethe states are given by superposition of plane waves [28] 
, where the sum is over all permutations P of the rapidities {λ j } and the amplitudes are
). In the attractive regime, the solutions of (2) arrange themselves into patterns in the complex rapidity plane consisting of "strings" [8, 43] . A general solution with N rapidities will consist of N j strings of length j, where N = j jN j . A single j-string takes the form
Here α and a respectively label the string under consideration and the individual rapidities within that string, while δ j,a are arXiv:1509.08234v2 [cond-mat.quant-gas] 22 Jan 2016 exponentially small deviations in the system size L. Following standard practice we will ignore these deviations. The string centers λ j α are real numbers and fulfil a generalized Pauli principle that imposes all string centers to be different for a given solution of (2) . It follows from the Bethe ansatz form of the wave function that string solutions correspond to multi-particle bound states in the sense that the wave function decays exponentially with respect to the distance between any two particles in the bound state. The energy and momentum of an N -particle Bethe state consisting of N j strings of length j are
Eq. (4) shows that λ j α is the contribution of each particle in a j-particle bound state to the total momentum. The groundstate has zero momentum and consists of a single N -string [8] . While the thermodynamic limit in thermal equilibrium does not exist [8] , correlation functions can be calculated at zero density [44] . Crucially, in the quantum quench context of interest here, the infinite volume limit at fixed particle density does exist. In this limit macro-states can be described in complete analogy to the standard finite-temperature formalism [8] by particle and hole densities {ρ n (λ)}, {ρ h n (λ)}. In particular, ρ n (λ) gives the distribution of n-string centers of a macro-state which, in the thermodynamic limit, form a dense set on the real line. Similarly, ρ h n (λ) is the distribution of holes of n-string centers. The latter is analogous to the distribution of holes (i.e. unoccupied states) known from the ideal Fermi gas at finite temperature. While in the case of free fermions it is trivially related to the Fermi-Dirac distribution, in the interacting case we are considering here, the relation between ρ n (λ) and ρ h n (λ) is more involved and derives from the Bethe equations (2) [45] .
The quench protocol. Our initial state is the ground state in the absence of interactions, i.e. the BEC state [33, 36] . The evolution for t > 0 is governed by the attractive LiebLiniger Hamiltonian. At time t, the expectation value of any observable O is given by (denoting energy eigenstates with |µ , |ν )
(5) In the thermodynamic limit expectation values of local operators approach time independent values. These can be determined by the recently proposed quench action method [46] . The latter results in a particular set of particle and hole densities and a corresponding "representative eigenstate" |ρ sp such that for local operators O lim t→∞ Ψ(t)|O|Ψ(t) = ρ sp |O|ρ sp .
The state |ρ sp , which depends on the initial state of the system |Ψ(0) , will be referred to as the stationary state towards which the system evolves in the sense of (6) . In general the determination of the representative eigenstate is a non-trivial task and it has been carried out in only a few cases [36, [47] [48] [49] [50] [51] . In the following we report the exact analytical solution of this problem for the quench that we are considering. The post-quench stationary state. As we already noted, the state |ρ sp is specified by sets of particle and hole densities {ρ n (λ)}, {ρ h n (λ)}. It is useful to work with the dimensionless variable x = λ/c instead of the rapidity λ, and with a slight abuse of notation we will keep the same symbol for functions of λ and of x when this does not generate confusion. We further define η n (x) = ρ h n (x)/ρ n (x). Our result for the densities describing the stationary state is
where we have defined η 0 (x) ≡ 0 and τ = 1/γ. Note that a relation analogous to (9) was also found in the quench to the repulsive Lieb-Liniger model [36] . Given η 1 (x) in (7), Eqs. (8) and (9) provide all other densities specifying the stationary state. Indeed, using the relation ρ h n (x) = η n (x)ρ n (x) one can readily see that ρ n (x) and ρ h n (x) are written as rational functions (the actual expressions getting lengthier as n increases).
The knowledge of the distributions ρ n (λ), ρ h n (λ) allows in principle to compute the expectation value of all local observables in the post-quench stationary state. We considered the experimentally measurable local pair correlation (in the following equationρ is the density operator)
The computation of (10) can be performed using the Hellmann-Feynman theorem [52] and results in
where the functions b n (x) are determined by
(12) Here we defined η n (x) = η n (xc), ρ n (x) = ρ n (xc) (note that the computation of g 2 in (11) requires the knowledge of the distributions η n , ρ n characterizing the post-quench stationary state). Finally in (12) we used a nm (x) = a nm (xc), where and a n (λ) = 2 πnc
2 . Eqs. (11) and (12) can be analytically solved for large γ obtaining an expansion of g 2 in 1/γ for γ → ∞. Up to the third order it reads
For generic γ the sets of equations (11) and (12) can be solved numerically, resulting in the curve shown in Fig. 1 . The function g 2 (γ) displays two intriguing features. The first one is that it is discontinuous in γ = 0. Indeed
The second one is that in the limit γ → ∞ it tends to the finite value g 2 (∞) = 4, cf. (14) . This is in contrast with all other known stable situations, where the value of g 2 for infinite interaction is always vanishing. This is true, for example, in the repulsive regime at equilibrium (at finite or zero temperature) [53] and crucially in the attractive regime for the super-Tonks-Girardeau case, where g 2 is also vanishing for infinite interactions [22, 23, 25] . In the following, we argue that both of these behaviours can be ascribed to multi-particle bound state effects. Bound state content and physical implications. The most interesting property of our exact solution is that most of the particles after the quench form bound states. In Fig. 2 we display the particle densities for bound states involving up to four particles for two values of γ. We immediately see that bound particles outnumber unbound ones. To be more quantitative, we define the density D n and the energy E n of the particles forming n-strings as of contributions arising from n-particle bound states
In Fig. 3 D n and |E n | are plotted for decreasing value of γ = c/D at a fixed density D = 1. Fig. 3 clearly shows that n-strings with n ≥ 2 in fact generally give the dominant contributions.
We now consider the dependence of the stationary state on γ at fixed density. We note that the total energy is conserved during the quench and therefore is most easily calculated in the initial state using Wick theorem, which gives
For large values of γ the elementary bosons either remain unbound, or form two-particle bound states, cf. Fig. 3 , while bound states involving more than three bosons do not play an important role. Moreover, it follows from (18) that |E| is large, which implies that the binding energy is very high and we are dealing with tightly bound pairs of particles. These strongly affect physical properties of the stationary state even in the limit γ → ∞. For example, the limiting value g 2 (∞) can be imputed entirely to bound pairs [52] . As the value of γ decreases, bound states of increasingly higher numbers of bosons become important. At the same time the magnitude of the total energy |E| is seen to decrease, and the binding energy eventually approaches 0 for γ → 0. Thus, in the limit γ → 0, heuristically, the state after the quench is described by an infinitely populated bound state having zero binding energy. We have already alluded to the fact that g 2 (γ) exhibits a discontinuity at γ = 0, which has its origin in the presence of multi-particle bound states for all positive γ. This is in marked contrast to the situation found for quantum quenches in the case of repulsive interactions [36] . We note that γ = 0 is a point of non-analyticity for the solution of Eqs. (11) and (12), making the limit γ → 0 of g 2 (γ) in (15) difficult to compute [52] . Exact solution by the quench action approach. We now sketch the derivation of the results presented above. The ba- sic idea is to determine a representative eigenstate with the property that expectation values of local operators in this state match their stationary values reached at late times in the thermodynamic limit, cf. (6) . It was shown in Ref. [46] that a state with this property can be constructed as the saddle point of the so called quench action. The latter is given by
where ρ generically indicates a state corresponding to the sets of densities {ρ n } and {ρ (20)) [36] . The main ingredient in the quench action approach are the overlaps Ψ 0 |ρ between the Bethe states and the initial state. These are typically difficult to compute, but have been derived for the Lieb-Liniger model in Refs. [36, 54] and applied to the attractive case in Ref. [37] (other overlaps are also known [55] [56] [57] ). In our case the functional S[ρ] can be expressed as
where
The saddle point conditions specifying the representative state |ρ sp are
and take the form of coupled integral equations
where we indicated the convolution between two functions with f * g(λ) = ∞ −∞ dµf (λ − µ)g(µ) and where a nm (λ) is defined in (13) . Here the Lagrange multiplier h has been introduced to fix the total density D. The solution of Eq. (24) defines the distributions η n (λ) for the saddle point state |ρ sp . A second set of equations is obtained by taking the thermodynamic limit of the Bethe equations (2), cf. [44, 52] 
(25) The sets (24) , (25) of integral equations completely determine the saddle point particle and hole densities. Their solution is given by Eqs. (7), (8) and (9), with the relation τ = e h [52] . Experimental signature of the multi-particle bound states. Given that the quench from a BEC to a gas with attractive interactions is clearly experimentally realizable as a simple modification of the Super Tonks-Girardeau gas [11] , an obvious question is whether there are smoking gun signatures of our novel state of matter. A key feature of our steady state is the presence of several species of bound states, which in the Lieb-Liniger model are infinitely long lived as a consequence of integrability. It can be shown following Ref. [58] that different bound states have different group velocities. This fact suggests that in the stationary state the spreading of a local perturbation will exhibit several "light-cones", associated with different kinds of bound states [12, 16, 19, 59] . We expect the situation to be analogous to what is seen theoretically [21] and experimentally [16] after local quantum quenches in the Heisenberg XXZ chain in equilibrium. A detailed analysis of a local quench in our steady state is however beyond the scope of this letter. An important issue with regards to realizing our quench protocol in cold atom experiments is the size of three-body losses. These can be estimated from the threebody local correlation function g 3 . The calculation of g 3 in presence of bound states is a challenging task, and we hope that our work will motivate studies in this direction.
Conclusions. We have considered quantum quenches in the one dimensional Bose gas with attractive delta-function interactions. In equilibrium this model is known to be thermodynamically unstable, because it supports the formation of many-particle bound states with binding energies that scale like the third power of the number of atoms in the bound state. The initial state in our quench is a BEC, and we consider time evolution by the Lieb-Liniger Hamiltonian with arbitrary attractive interaction strength. We have determined the exact steady state reached at late times after this quench. This stationary state is thermodynamically stable as a consequence of energy conservation. We have shown that this state is characterized by the presence of finite densities of multi-particle bound states involving different numbers of atoms. This composition, which automatically ensures thermodynamic stability, distinguishes the stationary state in a clear and qualitative way from other known stable states of the model. In particular, our state differs significantly from the super-Tonks-Girardeau gas, which is characterized by the absence of bound states [22] [23] [24] [25] . A very interesting feature of our steady state is that the "dominant" species of multi-particle bound states can be changed by tuning the value of the interaction strength, cf. Fig. 3 . We have shown that the structure of the steady state results in a value of g 2 between 2 and 4, cf. Fig. 1 , which is very different from other known stable states in the LiebLiniger model. Finally we have argued that these bound states can be revealed by observing the spreading of local perturbations imposed at late times after the initial quench.
